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In order to state sufficient conditions for the harmonizability of the product time series oftwo harmonizable 
time series, the notion of L”-harmonizable time series is introduced for 1 s p s +CC. Then, the problem 
of the product of two stochastic measures is tackled and Fubini type theorems are deduced. We derive 
sufficient conditions for the harmonizability of a weighted convolution time series of two harmonizable 
time series. 
As an application to nonlinear prediction theory, asymptotically unbiased estimors for values of the 
cross spectral bimeasure of two harmonizable time series are given. The L’-convergence of these estimators 
towards some random variables is established from the law of large numbers stated for L”-harmonizable 
series. Sufficient conditions for the a.e. convergence are obtained from the strong law of large numbers. 
The case of two jointly stationary harmonizable series is also considered. 
The results apply to the estimation of the asymptotic spectral measure of some asymptotically stationary 
series. 
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1. Introduction 
Products of time series arise in nonlinear prediction theory (cf. Wecker [ 151 and 
references therein). The product of the Fourier coefficient sequences of two complex 
measures on (-n, 7~1 is a Fourier coefficient sequence. This property is no longer 
valid when we consider the product of two harmonizable time series (which are the 
Fourier coefficient sequences of L2-stochastic measures). 
In order to be able to use Fourier analysis techniques in nonlinear prediction, 
this paper provides sufficient conditions for the harmonizability of the product time 
series of two harmonizable time series. 
Notations and conventions. Throughout the paper (a,&, P) denotes a fixed prob- 
ability space and, for 1 G p G +a, L” = Lc(Q ~4, P) is the corresponding Banach 
space with the usual norm denoted by )).\\p. Let Z = (-n, rr] for model of R/2rr, and 
93(Z) (respectively 93( I’)) be the Bore1 a-algebra of Z (respectively Z*). 
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An LP-stochastic measure is a a-additive set function p : LB(I) or %( 1’) + Lp, 
1 G p G +a. The integration of complex functions with respect to stochastic measures 
is taken in the sense defined in [4, IV.lO]. The integration of vector-valued functions 
with respect to stochastic measures is taken in the sense of Bartle [l] (see also [ 141). 
From now on, the term series means time series and denotes a family of complex 
random variables on (0, &), indexed by the set of integers Z. For the classical 
theory of harmonizable time series (and processes) the reader is referred to [12; 8 
or 91. 
Synopsis of the paper. In the literature (e.g. Lo&e, Rozanov [12], Niemi [8], Rao 
[9]) harmonizable time series (and processes) are usually defined with values in an 
L2-space. But the product of two L2-random variables is, in general, an L’-random 
variable. So in Section 2, for 1 <p G too, the LP-harmonizable series are introduced: 
they are the Fourier coefficient sequences of the LP-stochastic measures on a(1). 
Then the law of large numbers Theorem 2.2, stated in [12] for L2-harmonizable 
series, is established for LP-harmonizable series. Moreover, similar techniques to 
those developed in [5] for wide sense stationary series and in [2] for L2-harmonizable 
processes allow us to obtain, in Theorem 2.3, sufficient conditions for the strong 
law of large number to be satisfied. These sufficient conditions are LP-analogs of 
those stated in [2] and [5]. 
Since the property of the Fourier coefficients, enunciated at the beginning of 
this paper, is a corollary of the fact that the product of two complex measures 
is a complex measure, the problem of the product of two stochastic measures is 
expounded in Section 3. Two Fubini type theorems are obtained. 
The previous investigations allow us, in Section 4, to state that the product of an 
LPl-harmonizable series and an Lpz-harmonizable series is an LP-harmonizable series 
provided that (l/p,)+(l/p,) = (l/p) < 1 and the product of the corresponding 
stochastic measures is an LP-stochastic measure on %(I’) (Theorem 4.1.). With this 
property we see again the well-known results about the product of two Fourier 
coefficient sequences and about the product of a Fourier coefficient sequence and 
a harmonizable series [ 12, Examples 1.21. As another consequence, sufficient condi- 
tions for the harmonizability of weighted convolutions of two harmonizable series 
are obtained (Theorem 4.2). 
Section 5 deals with straightforward applications. Spectral representation of the 
covariance kernel of some two harmonizable series, and asymptotically unbiased 
estimators for the values of their cross spectral bimeasure on the lines of I x I are 
given. The law of large numbers Theorem 2.2 ensures that these estimators converge 
in the L’-sense towards random variables. With Proposition 5.2, a corollary of the 
strong law of large numbers in Theorem 2.3, we obtain sufficient conditions for the 
a.e.-convergence. 
We next consider the case of two jointly stationary series X, and X2 whose 
covariance kernel E(X,,,+, . X2,,) depends only on the time lag h. Consequently 
the covariance kernel is the Fourier coefficient sequence of a complex measure m,, 
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on %I (I) called the cross spectral measure of X, and X, , the cross spectral bimeasure 
being concentrated on the diagonal axis of 1’. We derive asymptotically unbiased 
estimators for the values of the cross spectral measure on the intervals of 1, which 
converge in the L’-sense towards random variables. 
Whenever the two harmonizable series are equal, the results are similar. 
In this paper we deal with the harmonizability in the discrete time but: all the 
given results can be reformulated in continuous time. 
2. IL”-Harmonizable series 
The notion of weakly harmonizable series can be generalized as in the following 
definition. 
Definition 2.1. A time series X = (X,,, n E Z) is said to be an LP-harmonizable series 
whenever there exists an LP-stochastic measure p : 93 (I) + Lp, 1 s p, such that 
X, = 
I 
exp(inu)p(du), n E Z. 
I 
In this paper a harmonizable series will be an LP-harmonizable series for some 
p31. 
From [7, Theorem 21, every LP-harmonizable series X is associated with a unique 
LP-stochastic measure p, which is called its spectral stochastic measure. Moreover 
the time series X is LP-bounded by I]~ll,(L) where ]]p\lP denotes the semi-variation 
set function of the LP-random measure p in the sense of [4, IV.101. 
Every LP-harmonizable series is Lq-harmonizable whenever 1 s q s p. Weakly 
harmonizable series are the L2-harmonizable series. For 1 G p < (Y s 2, every SaS- 
harmonizable series is LP-harmonizable [ 161. 
Theorem 2.2 (Law of large numbers). Let X be an LP-harmonizable series with spectral 
stochastic measure p. Then 
5 C, exp( -ina)X, s lL({a)), 
as N -+ +a, for every a in I. 0 
The proof of this result is deduced from the following error formula which is 
established in [ 121 for weakly harmonizable processes. For every integer N > 0 and 
every E, O< F < 1, we have 
II 5 j, exp(-ina)X -p({al) I) P ~21/Pll,,u~w)+~~ lIPlIp 
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where 
Z,(a)={u~Z,0~~~-a~<~orO<~~--a-2~~<eorO~~u-a+2~~~s}. 
Furthermore, from [4, IV.101, 11~ Il,,(Z,(a)) can be estimated by 
su~(ll~u(A)lI,J c IIPIIJW)) ~4 su~(ll~*.(A)Il,L 
where the supremum are taken over all measurable subsets A of Z,(u). 
2.1. Strong law of large numbers 
We turn our attention to the a.e. convergence of the previous time average. Criteria 
were provided by Gaposhkin in [5, Theorem 2.1 and Theorem 3.31 for the strong 
law of large numbers for wide sense stationary series, and in [2] these results were 
improved for weakly harmonizable processes. 
Here we recast them for L”-harmonizable series. The proof parallels those in [5] 
and [2] so we omit it. 
Theorem 2.3. Consider an L*-hurmonizuble series X with spectral stochastic measure 
p. Assume there exist a finite non-negative measure m on B(Z), and two reals q 2 1 
and r 2 (l/p), so that for every bounded measurable function f: Z + C, 
(1) 
(i) Then, whenever p > 1 and q > 1, for every a in Z we obtain the following u.e. 
behavior us N + +CO, 
(ii) Assume q > 1, and for some a in Z and uO> 0 we have 
I,,,.:...,,....“) bglog(j?$ m(du)<+oo. 
Then we obtain us N + +a, 
$ ,%, exp(-ina)X, 2 P({QI). 
(iii) Assume q = 1, and for some a in I, LY > 0 and u,> 0 we have 
I lu-ul-“m(du)<+a. (O<(u--al<u,) 
7hen for every integer A > max{O, cr -’ - l} we obtain as N + +c~, 
(2) 
(3) 
(4) 
& yc: exp( -inu)X, 3 
N 
P({U)). 0 
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In a similar way, results about the rate of the a.e.-convergence can be stated (for 
p = 2) see [5, Section 41 and [2, Theorem 3.3b]). 
It is known that for every L2-stochastic measure p on B(Z), there exists a finite 
non-negative measure m on %(I) so that the condition (1) is satisfied with p = q = r = 
2 [9]. So the relation (2) is always satisfied for every weakly harmonizable series. 
In [5, Corollary 3.51 the relation (2) has been shown for wide sense stationary series. 
Whenever the LP-stochastic measure p is of bounded total variation the condition 
(1) is also satisfied with r = q = 1 and where m is the total variation measure of /*. 
3. Product of two stochastic measures 
For the study of the product of two harmonizable series, we consider the problem 
of the existence of the product of two stochastic measures. Let vj : B(1) + Lpi, j = 1, 
2, (l/p,) + (1 +pJ = (l/p) s 1, be two stochastic measures. Is there a stochastic 
measure y: a(Z’)+ Lp such that ~(Ax B) = v,(A). z+(B), for all A, B in %‘(I)? 
Whenever the product measure p exists, we readily obtain its unicity, so denote 
it by vIxv2. 
But V, x v2 does not always exist even in the case V, and v2 : %‘(I) + L2 are purely 
atomic with orthogonal values on disjoint sets [3]. 
In [ll], the existence of the product measure Y x V is established whenever 
v : B(I) + Lp is a zero mean independently scattered stochastic measure with p = 2 
or 4, and fi is defined by F(A) = v(A). On the other hand whenever V, or z+ are of 
bounded total variation, the product measure v1 x v2 exists and a Fubini type theorem 
is stated in [ll]. These results were improved in [lo; 131. 
Following the approach used in [lo; 131, let I/~-,11, be the Bartle semi-variation 
set function of V, with respect to Lp defined by (see also [l; 141) 
II~,II~(A)=suP ,;, vl(A,).xjI) 3 II P 
where the supremum is taken over all integers n > 0, all families {A,, j = 1,2, . . . , n} 
of disjoint subsets in B(1) with U A, c A, and all families {x,,j = 1,2,. . . , n} of 
random variables in Lpz such that IlxjllP, = 1 for j = 1, . . . , n. Then the discussion in 
[14, Section 2, p. 3771 involves the following result. 
Proposition3.1. Whenever Ij~,ljb(Z) or IIv,ll,(I) . fi ‘t IS m eandp > 1, theproduct measure 
V, x v2 is dejined. 
The next Fubini type theorem deduced from [lo, Theorem 3.21 generalizes 16, 
Theorem 111.21. 
Theorem 3.2. Assume there exists a jinite non-negative measure m on B(I) which 
controls v, w.r.t. Lp in the sense that 
lim 
m(A)-0 
)I V, II,(A) = 0. (5) 
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Then the product measure v, x v2 is dejined and every bounded measurable function 
f: I* + C satisjes: 
(i) u*H~, f(u,, u2)v,(du,) is LPl-valued and v,-Bartle integrable. 
(ii) jj,2f(u1, uJvI x vZ(du,, du2) =I1 (j,f(ul, u2)vl(du1))vJdu2). 
Proof. From [ 10, Theorem 3.21 the existence of the control measure m implies that 
the product measure vi x v2 is defined, and that the properties (i) and (ii) are valid 
for the indicator functions of the Bore1 subsets of Z*, and, by linearity, for the simple 
functions. 
Letf: Z* + C be non-negative bounded and measurable. There exists a nondecreas- 
ing sequence of non-negative simple functions (fn),,tN on Z2 which converges 
everywhere towards f: The dominated convergence theorem for vector valued 
measures [4, Theorem IV.lO.lO] ensures that as n + 00, 
and 
,/xu,, u2) v, x vZ(du, , du,) 5 ,>f(% ~21~1 x v,(du,, du2) 
g,(u) = 
I 
fn(u1, u)vl(dul) = g(u) = f(u,, uJvl(du,) 
I I I 
for p in I. 
Moreover, for every n and every u, we estimate 
Ilgn(u)llp, ~w{f(u,, 4, u1 and u2e ~HvIllp,(O. 
Consequently, the bounded convergence theorem [ 10, Theorem 2.1; 1, Theorem 61 
ensures the function g is v,-Bartle integrable and as n + +a, 
II 
fn(u1, uz)vI x v,(du,, duz) = 
I 
g,(u,)v,(du,) s 
I2 I 
g(uz)v,(duJ. 
I I 
So the non-negative bounded measurable function f satisfies properties (i) and (ii). 
The proof can be completed in a routine way for every bounded complex 
measurable function. 0 
This result ensures the well-known result that the product of a complex measure 
and an LP-stochastic measure is an LP-stochastic measure [12, Example 2.21. 
Nevertheless, with weaker hypotheses than in Theorem 3.2, we readily obtain the 
next Fubini type result. 
Proposition 3.3. Assume the product measure v, x v2 is defined on 93(Z*). 
All bounded measurable functions A : Z + C, j = 1, 2, satisfy 
j, jxu)v(du) . j-,m)v>ca.)= j-jpaa+ x v2(duI, WI. 
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Furthermore, whenever g : I’+ @ denotes a bounded measurable function, the 
expression 
P(A) = 
II 
g(u,, u2)+ x v2(du, > du2) 
IXA 
defines an L*-stochastic measure on S’(Z) and every bounded measurable function 
f: I + @ satisJies 
,fWW = f(UZ)AU, 3 ~21~1 x v,(du,, du2). 0 
12 
Remark 3.4. In the two previous propositions the stochastic measures vi and v2 can 
be exchanged. 
4. Product of two harmonizable series 
Next the spectral representation of the product of two harmonizable series is 
obtained. 
Theorem 4.1. Let Xj = (Xj,n, n E Z) be an LPI-harmonizable series with spectral stochas- 
tic measure vjforj = 1,2, such that (l/p,) + ( l/p2) = (l/p) s 1 and theproduct measure 
v, x v2 is de$ned on B(I’). Then the time series X, . X2= (X,,, * X2,,, n EZ) is 
L*-harmonizable with spectral stochastic measure dejined on I by p(A) = 
v1 x v2( u, + u2 E A). 
Proof. As the product measure v, x v2 is defined, Proposition 3.3 ensures for every n 
that 
Xl,, * x2,, = wMul + u2))vI x v2(du,, du2), 
I= 
and the change of measure principle yields 
X 1.n exp(inu)p(du). 0 
Another application of the theory of the product of two stochastic measures is 
stated for weighted convolutions of two harmonizable series. 
Theorem 4.2. Assume the hypotheses of Theorem 4.1 are satisfied, and (c,,, n E H) be 
an absolutely summable family of complex numbers. Then the time series dejined by 
yn = c CkX1.k * XZ,n-k, 
k.sh 
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is L”-harmonizable with spectral stochastic measure dejined on 93(I) by 
P(A) = 
il 
1 ck exP(ik(% - uz))v, X v,(du,, du,). 
IXA ktL 
Whenever v, satisjies the condition (5), the LP-harmonizable series Ycan be expressed 
by 
exp(inu)g,(u)v,(du) 
where g,(u) is the LPg-valued and v,-Bartle integrable function de$ned by 
g2(u) = I c ck exp(ik(ul - u))v,(du,). I ktZ 
Proof. Since the product measure v, x v2 is defined, for all n and k we have 
X 1,k ’ &n-k = 
II I2 
exp(ik(u, - uJ) exp(inu,)v, x v,(dul, du,). 
The family (c,, n E Z) is absolutely summable so the dominated convergence theorem 
for vector measures gives for every n, 
Y, = 
II 
c 
I* kcL 
ck exp(ik( u, - uZ)) exp(inu,)v, x z+(du,, du,). 
Hence Theorem 3.2 and Proposition 3.3 provide the result. 0 
5. Applications 
5. I. Hypotheses 
From now on, let X, = (Xi,,, n E Z) be an LPI-harmonizable series with spectral 
measure vi, forj = 1,2, such that (l/p,) + (l/p,) = (l/p) G 1 and the product measure 
v, x fiz is defined on 93(12). For j = 1, 2, since p- ,a 1, a complex measure m, on 93(Z) 
is defined by m,(A) = E(v,(A)). 
In order to study the spectral representation of the covariance between X, and 
X,, we transform these harmonizable series by linear filters. For j = 1,2, let g, : I + @ 
be a bounded measurable function, and the linear filter Yj with transfer function gj 
transforms the LPI-harmonizable series X, into the LPI-harmonizable series ?JjXi = 
( %jXj,n, n E Z) defined by 
exp(inu)gj(u)vj(du). 
I 
As linear filters 99, and Y&, pass band filters and shift operators can be considered. 
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5.2. Cross spectral bimeasure of harmonizable series 
From Theorem 4.1 we readily deduce the next result. 
Proposition 5.1. Assume the hypotheses of Section 5.1 are satisjied, then for all non 
null integers a and /3, the series (Y,,, n E Z) dejined by 
Y, = +4x,,,, . %&,@I, * E z, 
is LP-harmonizable with spectral stochastic measure u on 93(Z) which may be expressed 
by 
The integer parameters cy and p allow us to study the covariance between the 
spectral stochastic measures V, and z+ along the lines in I2 which are parallel to 
the line (YU, - /?u2 = 0. So for every a in Z, the law of large numbers Theorem 2.2 
yields as N + +m, 
$ CO exp( -ina) Y, 5 ,~.,,,.._,,g,(~)p,(~)i,,xu,(du,,du,), (6) 
and with g, = gz = 1, 
$ ,i,, ev-ina)X,,,, . -5 v,xV2(~u,-/3u?=a). 
Since V, x V, is an L”-stochastic measure and p 2 1, a complex measure M,2 on 
%I( Z2) is defined by M,2(A) = E( v, x F,(A)). It is called the cross spectral bimeasure 
of X, and X,. The covariance kernel of X, and X, admits the spectral representation 
E(X,,n, expMn,u, - n2u2))M12(du,, du,), 
I2 
and hence 
cov(X,,,[, X2,nJ = 
II 
exp(i(n,u,-n2u2))(M,2-m,0fi2)(du,, duz). 
I2 
So the series X, and X2 are uncorrelated if and only if M,* = m,O ri,. 
From the law of large numbers Theorem 2.2, the expression 
j$ C, exp(-ina)X,,,, . X2,Pn 
is an asymptotically unbiased estimator of M,2(~~, - pu2 = a). 
The a.e. convergence in (6) is obtained from the strong law of large numbers 
Theorem 2.3. For simplicity of the discussion the following result is stated with 
simplified hypotheses. 
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Proposition 5.2. With the hypotheses of Section 5.1, assume there exist a bounded 
non-negative measure m on 93(Z), and two reals q 2 1 and r 2 (l/p) such as for any 
bounded measurable function f: Z + C we have 
1111 
t”f(ut -uJvl x v,(du,, du,) 1) s (1 
P I 
If(u)I ‘. 
(i) Whenever q > 1 and the condition (3) is satisfied for some a in 
N++~I, 
VI x v*( u1 - u2 = a). 
1, we obtain as 
(7) 
(ii) Whenever q = 1 and the condition (4) is satisfied for some a in Z and a > 0, the 
a.e.-convergence (7) is valid provided that N’+” replaces N for any integer A > 
max{O, (Y-I - 1). 0 
5.3. Case of jointly stationary processes 
With the hypotheses of Section 5.1, assume the time series X, and X, are jointly 
stationary in the wide sense. Consequently their covariance kernel depends only of 
the time lag. For all integers n we have 
E(X,n+h . X2,,) = Rn(h) = 
I2 
expMul - u2)) exp(ihu2)M12(du,, du,) 
= I exp(ihu)m,,(du) I
where m12 is the complex measure of 93(Z) defined by m,,(A) = M,,(A, A), since 
the complex measure M,2 is concentrated on the diagonal axis A of I*. The complex 
measure m,2 is the cross spectral measure of the jointly stationary processes X, 
and X,. 
When a, b and c are in Z with b < c, and 57 is the pass band filter with transfer 
function lcb,cI, the expressions 
$ E,, exp(-inaPG,2n . X2,, and $ ; 9X,,, . G 
n 0 
are asymptotically unbiased estimators respectively of m12({u}) and m,,((b, c)) 
which converge in the LP-sense respectively towards V, x fi2(2u, - u2 = a) and v1 x 
ii2( b < u1 = u2 < c). The a.e. convergence can be obtained from Proposition 5.2. 
On the other hand we have 
-4X1,n+h, X2,,) = exp(ihu)m,,(du) 
I 
_ exp(in(ul-u2)) exp(ihu,)m,@fi,(du,,du,). 
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Furthermore, assume p = 2 and let A4 be the spectral bimeasure of V, x Fj2 defined 
on B(Z’) x B( 1’) by M(A x B) = E( v1 x C,(A) . V, x v2(B)). Using the concept of 
integration of complex functions with respect to a bimeasure as defined by Rozanov 
[12, Section l] (see also [9]) we obtain 
covw,,,, . x2,,,, Xl,,, . &I,) 
= ev(i(nl(w - u2) - n2(ul - u2)Df(du1, du,, du,, du2) 
I4 
- mt,(Om,2(Z) 
5.4. Estimation of the asymptotic spectral measure of some strongly harmonizable series 
With the hypotheses of Section 5.1, assume X, =X, (so V, = v,), and v1 x F, is an 
LP-stochastic measure on B(Z2), 2p =p ,z2. The spectral bimeasure A4 of the 
L2-harmonizable series X,, defined on B(Z’) by M(A, B) = E(v,(A) * v,(B)), is 
extendable to a complex measure on B(Z2). Hence, the time series X, is strongly 
harmonizable and, for any h in i2, it satisfies 
$- g E(X,,,+h - Xl,,)+ -I exp(ihu)m(du) n 0 I 
as N + +a, where m is the finite positive measure on B(Z) defined by m(A) = 
M(A x An A) = E( v, x F,(A x An A)), and called the asymptotic spectral measure 
of the (asymptotically stationary) time series X, . 
In a similar way to Section 5.3, we obtain that the expressions 
are asymptotically unbiased estimators respectively of m({a}) and m(( b, c)), where 
% is the pass band filter with transfer function lCb,cj. These estimators converge in Lp. 
It is clear that these results apply to wide sense stationary series. 
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